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We prove a partial regularity result for a free boundary problem arising in the
mean field theory of superconductivity. To this end we extend a regularity result of
Caffarelli and Friedman for the zero-set of functions satisfying a bound |2v|C |v|
to functions only satisfying a bound of the form |2v|Cv^, where v^(x) :=
supp0t1 |v(tx)| is the radially maximal function. In addition we extend the
unique continuation theorem of Aronszajn and Cordes to cover this case.  1999
Academic Press
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1. INTRODUCTION
In this paper we study regularity properties of the free boundary
problem
2q=(q&) /0 in R2, (1)
|{|(q&)=0 a.e. in 0. (2)
Here, 0 is a given nonempty, bounded domain in R2 and , q are
unknown functions.
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These equations arise as a particular two dimensional stationary mean
field model of superconductivity, where all vorticity is assumed to be per-
pendicular to the z-direction. This mean field model consists in determining
a divergence free magnetic field H={=q and a divergence free vorticity
|={=, where {==(&y , x).
The magnetic field and the vorticity are coupled by London’s equation
&2H+H=| in the domain 0 occupied by the superconducting material,
together with Maxwell’s equation curl H=j in the exterior and on the sur-
face of 0. Throughout this paper, we assume that the exterior current j
vanishes. These assumptions give rise to the first equation (1). The second
equation (2) is the stationary version of the conservation law for the vor-
ticity t |&{
=( ||| {= } H)=0, which underlies the mean field theory.
For a more detailed derivation of the mean field model from the
GinzburgLandau theory we refer to Chapman [4]. For the analysis of
this twodimensional version we refer to Elliott et al. [7]. There, the
authors study both the dynamical and the stationary problem. The exist-
ence of solutions to (1), (2) with  lipschitz is obtained as asymptotic
limits when t   in the dynamical problem; see [7] Theorem 2.16. In the
same article in Section 4, a large variety of solutions to (1), (2) is con-
structed as solutions of a certain semi-linear elliptic equation.
We finally note that there exists a second two dimensional version of the
mean field model, where the vorticity is assumed to be a scalar. The corre-
sponding dynamic model has been studied by the first author and Styles
[9], and the resulting free boundary problem by Chapman et al. [5] and
Monneau [8].
In the present paper, we are concerned with the free boundary appearing
in (1), (2). To this end, we note that 0 will be decomposed into the
relatively closed set C0 :=[q=] and its open complement U0 :=0"C0 .
Since q{ in U0 , we see that {=0 by (2), hence  is locally constant
in U0 . The free boundary is then given by the boundary between C0 and
U0 in 0, that is, by
1 :=C0 & 0=U0 & 0. (3)
By continuity, we see that
1[q=].
Certainly, if {q(x0){0 at some point x0 # 1, the free boundary will be a
smooth curve in a neighborhood of x0 , see Remark 3.4.
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We will show that
A :=[q=, {q=0]
locally in 0 consists only of finitely many points (Theorem 3.2) and, if 0
is convex, the same holds true in 0 (Proposition 3.3). By Remark 3.4, we
see that A contains all the possible singularities of the free boundary.
We recall that partial regularity of the free boundary for the special
stationary solutions constructed in [7, Sect. 4] is implied by a result of
Caffarelli and Friedman [3] on the partial regularity of the zero-set of a
function satisfying a bound |2v|C |v(x)|; see [7, Remark 4.3]. To get
partial regularity for all stationary states, we extend the result of [3]
in this paper to functions, only satisfying the weaker bound |2v|Cv^(x)
(Theorem 2.2). Here v^ is the radially maximal function given in Definition
2.1. In addition we extend the unique continuation theorem of Aronszajn
[1] and Cordes [6] to cover this case.
2. ASYMPTOTIC BEHAVIOUR NEAR [v=0]
2.1. Definition. Let Br be the open ball of radius r with centre at the
origin of Rm. For any function v # C0(B1 ) we define the radially maximal
function
v^(x) := sup
t # (0, 1)
|v(tx)|. (4)
We show the following extension of a result of Caffarelli and Friedman
[3].
2.2. Theorem. Assume that v # W1, (B1) satisfies that there exists
C0 such that
|2v(x)|C v^(x) in B1 , (5)
v(0)=0, (6)
v0. (7)
Then there exists a homogeneous harmonic polynomial Pn 0 of degree
n1 such that
v(x)=Pn (x)+1n (x) in B1 , (8)
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with
|1n (x)|C |x| n+$, (9)
|{1n (x)|C |x|n+$&1 (10)
for any 0<$<1 and for some C=C$ depending on $.
The proof of this theorem relies on the following lemma of Caffarelli
and Friedman (cf. [2; 3, Lemma 1.1]), that we cite for the sake of
completeness.
Lemma 2.3. Let ;0>0. Let v # W 1, (B1) satisfy |2v(x)| C; |x|; for
x # B1 , for some noninteger ;;0 and some C;2;. Then
v(x)=P(x)+1(x) in B1 , (11)
where P is a harmonic polynomial of degree [;]+2 and
|1(x)|CC;
;m&2
(;)
|x| ;+2 in B1 , (12)
|{1(x)|CC;
;m
(;)
|x|;+1 in B1 , (13)
with a constant C only depending on ;0 and on upper bounds of v(x) and
{v(x) for x # B1 . Here (;) :=min[;&[;], 1+[;]&;].
In addition, we will need the following extension of the unique continua-
tion theorem of Aronszajn [1] and Cordes [6].
Lemma 2.4. Let v # W 1, (B1) satisfy |2v(x)|Cv^(x) and |v(x)|,
|{v(x)|Ck |x|k in B1 for all k0. Then v vanishes identically in B1 .
Proof. In [6, Satz 1], the estimate
|
B1
( |u(x)|2 |x|&:+|{u(x)|2 |x| 2&:) dxC |
B1
|2u(x)|2 |x|2&: dx (14)
is proved for all u # F, with a constant C independent of :1 and of
u # F. In [6] F contains all C2(B 1 )-functions u with compact support in
B1 satisfying |u(x)|, |{u(x)|, |D2u(x)|Ck |x|k for all k0. A similar
estimate may be found in [1].
Applying an approximation argument we may extend the class F of
admissible functions to contain u # C 0, 10 (B1) satisfying |u(x)|, |{u(x)|,
|2u(x)|Ck |x|k for all k0. Any function u of this class has Ho lder-
continuous first derivatives and weak second derivatives, as u # W2, p(B1)
for all p1.
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Now, we calculate (for :>m&1)
|
B1
|u^(x)|2 |x| &: dx=|
B1
|
1
0
|u^(t|)|2 t&:+m&1 dt dHm&1(|)
|
B1
|
1
0 \ |
t
0
|{u(s|)| ds+
2
t&:+m&1 dt dHm&1(|)
|
B1
|
1
0
|
1
s
t&:+m |{u(s|)|2 dt ds dHm&1(|)
|
B1
|
1
0
s1&:+m
:&m&1
|{u(s|)| 2 ds dHm&1(|)
=
1
:&m&1 |B1 |{u(x)|
2 |x| 2&: dx.
Thus estimate (14) implies
|
B1
|u^(x)|2 |x| &: dx
C
:&m&1 |B1 |2u(x)|
2 |x|2&: dx. (15)
We now choose , # C 0 (B1) with ,#1 in Br for some 0<r<1. We set
u :=v,. Then, in Br we have |2u(x)|=|2v(x)|Cv^(x)=Cu^(x), and in B1
we have |u(x)|, |{u(x)|, |2u(x)|Ck |x|k for all k0.
With this information, estimate (15) gives
|
Br
|u^(x)|2 |x|&: dx
C
:&m&1 |B1 |2u(x)|
2 |x|2&: dx

C
:&m&1 |Br |u^(x)|
2 |x|2&: dx
+
C
:&m&1 |B1"Br |2u(x)|
2 |x|2&: dx.
Thus, for large :
|
Br
|u^(x)| 2 |x|&: dxC|
B1"Br
|2u(x)|2 |x|2&: dx,
and consequently
|
Br
|u^(x)|2 dxC |
B1"Br
|2u(x)|2 \ r|x|+
:
|x|2 dx.
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Letting now : tend to infinity implies u^#v^#0 in Br . This then implies that
v#0 in Br and, since r may be chosen arbitrarily in (0, 1), we eventually
find v#0 in B1 . K
Proof of Theorem 2.2. Assume that the conclusion of Theorem 2.2 is
not true.
First we show that for any integer k0 the estimate v^(x)Ck |x|2k+12
implies
|v(x)|, v^(x)Ck+1 |x|2k+2+12, (16)
|{v(x)|Ck+1 |x| 2k+1+12. (17)
By (5), we find |2v(x)|CCk |x| 2k+12. Thus, by Lemma 2.3 v(x)=
P(x)+1(x), where P is a harmonic polynomial of degree 2k+2 and 1
satisfies (12) and (13) with ;=2k+12 and C;=CCk . Now P decomposes
into a sum of homogeneous harmonic polynomials Pn of degree n2k+2.
Each of these Pi vanishes identically, since otherwise the conclusion of
Theorem 2.2 would be true.
Next, since v(0)=0 and since {v # L(B1), we have v^(x)C |x| 12, and
thus by induction, using (16) and (17), we conclude that
|v(x)|, v^(x), |{v(x)|Ck |x| k (18)
for any k0.
Thus, by Lemma 2.4 we find that v vanishes identically in B1 . Since this
contradicts the assumption (7), the conclusion must be true. K
3. REGULARITY OF THE FREE BOUNDARY
3.1. Setting. Let 0 be a nonempty, connected domain in R2 with
0//BR . We assume that  # C0, 1(0) and q # H 1(BR) satisfy
2q=(q&) /0 in BR , (19)
|{|(q&)=0 a.e. in 0. (20)
Under these assumptions, elliptic regularity theory implies immediately
that q # W 2, ploc (BR) & C
1, :
loc (BR) for any 1p< and q # C
2, :
loc (0) for any
0<:<1.
We define the singular set
A :=[x # 0 : q(x)=(x) and {q(x)=0]. (21)
This is a well defined, relatively closed set in 0.
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Theorem 3.2. Either q is constant in 0 or the singular set A consists
locally in 0 only of finitely many points.
Proof. We will show in what follows that for any x0 # A there exists a
neighborhood U(x0) of x0 such that either
q==const in U(x0)
or
{q{0 in U(x0)"[x0].
With this property at hand we conclude that A=A% _ [isolated points].
Thus A% is both open and closed in 0. Since 0 is connected and if q is not
a constant, we infer that A%=<. Therefore, A consists only of isolated
points and, being relatively closed in 0, we conclude that A consists locally
in 0 only of finitely many points.
Without loss of generality we may assume that x0=0 and that
q(x0)=(x0)=0. In addition there exists ’>0 such that B’/0.
First, we show that
|2q(x)|2q^(x). (22)
If q(x)=(x) then (22) is immediate from (19). Thus we assume that
q(x){(x) and we denote by V the connected component of [q{] & B’
that contains x. Due to (20), {=0 in V and thus =const in V.
We set
t0 :=sup[t # [0, 1] : q(tx)=(tx)].
Since q(0)=(0) we find that t0 is well defined, and since q(x){(x) we
find 0t0<1.
For all t0<t1 we have q(tx){(tx) and thus tx # V, which in return
implies that (tx)=const. As a consequence, we find by definition of t0
that q(t0 x)=(t0x)=const=(x).
Now, (19) implies that
|2q(x)||q(x)&(x)||q(x)|+|q(t0x)|2q^(x).
Next, with (22) and since q # W 1, loc (BR), we may invoke Theorem 2.2.
So, either q vanishes identically in B’ , and then the same applies to  via
(3.1), or q admits a decomposition
q=Pn+1n
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with a homogeneous harmonic polynomial Pn 0 of degree n1 and with
1n satisfying (9) and (10).
In two space dimension (cf. [3, Remark 3.1]) Pn(x)=arn cos n(%&%0)
for some a # R"[0] and some %0 # R. Thus, |{Pn(x)|c0 |x| n&1 and conse-
quently
|{q(x)||{Pn(x)|&|{1n(x)||x|n&1(c0&C|x|$)>0
in B’ , possibly choosing a smaller ’.
This finishes the proof of this theorem. K
Proposition 3.3. Assume in addition that 0 is convex. Then, either q is
constant in 0 or A is finite.
Proof. If A is not finite, then there exists a sequence xj # A of distinct
points with xj  x0 . By Theorem 3.2, x0 # 0. Without loss of generality
we may assume that x0=0 and that q(x0)=(x0)=0. Now, we proceed as
in the proof of Theorem 3.2 to show
|2q(x)|2q^(x). (23)
If x  0 or if x # 0 with q(x)=(x) then nothing is to prove as 2q(x)=0.
Thus we assume that x # 0 and q(x){(x) and we set V to be the con-
nected component of [q{] & 0 that contains x. Thus =const in V.
Next, we set
t0 :=sup[t # [0, 1] : q(tx)=(tx)].
Since 0 is convex, we then may argue exactly as in the proof of Theorem
3.2 to show q(t0x)=(x), which eventually implies (23).
With this estimate at hand, we then argue as in the proof of Theorem 3.2
to find that either q vanishes in some neighborhood U of 0 or {q(x){0 in
U"[0]. In the first case, we find that U & 0A. Hence A is not locally
finite in 0 and q is constant in 0 according to Theorem 3.2. The second
case is impossible, since {q(xj)=0 and 0{xj  0.
This finishes the proof of this proposition. K
Remark 3.4. Finally, we give a short argument that shows that the free
boundary, defined in the introduction in (3), is regular at points where
{q{0 that is outside the set A.
Let us consider x0=0 # 1=C0 & 0=U0 & 0, where C0 :=[q=] & 0
and U0 :=0"C0=[q{] & 0. We assume that {q(0){0 and, for sim-
plicity, q(0)=(0)=0 and {q(0)=e1 .
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We flatten the level-sets of q by introducing new coordinates (:, y)=
8(x, y) :=(q(x, y), y). Clearly, 8 is a C1-diffeomorphsim in a neighbor-
hood of 0, since det 8$(0, 0)=1. Putting .(:, y) :=(8&1(:, y)), we
obtain from (1), (2) that
|{.| (.&:)=0. (24)
In particular
y((.(:, y)&:)2)=0,
and
*(:) :=.(:, y)&:
is independent of y by continuity of ..
Second, we infer from (24) that
(*$(:)+1) *(:)=:.(:, y)(.(:, y)&:)=0.
Since *(0)=0, we obtain four cases
*(:)#&: or *(:)#0 for 0<:<:0 ,
and
*(:)#&: or *(:)#0 for &:0<:<0,
for some :0>0 which is small enough.
Recalling that
*(:)=0 oO(:, y) # 8([=q])=8(C0),
the four cases result in
[q>0] & U(0)U0 or [q>0] & U(0)C0 ,
and
[q<0] & U(0)U0 or [q<0] & U(0)C0 ,
for some neighborhood U(0) of 0 which is small enough.
Since U(0)/3 C0 , as 0 # 1C0 , we can exclude the case
[q>0] & U(0)C0 and [q<0] & U(0)C0 .
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In any of the remaining three cases, we obtain that
1 & U(0)=[q=0] & U(0)
which is a smooth curve.
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